The duration of activity growths in solar cycles is on average shorter than the duration of its declines. This asymmetry can result from fluctuations in dynamo parameters. A solar dynamo model with fluctuations in the α-effect shows the statistical asymmetry which increases with both fluctuation amplitude and coherence time. An interpretation for the asymmetry origin is suggested, which predicts a correlation between the asymmetry measure and delay of the polar field reversals relative to the activity maxima. Data on the twelve latest solar cycles confirm such a correlation.
Introduction
The asymmetry of sunspot cycles is well known from observations (see, e.g., Hathawey et al. 1994; Obridko & Nagovitsyn 2017; and references herein) . Activity growth in individual cycles is usually less durable than its decline. Explanation of the asymmetry is a challenge to dynamo theory.
At first glance, it seems natural to relate the asymmetry to some nonlinear effect of the solar dynamo (Weiss et al. 1984) . Field oscillations in linear (kinematic) dynamo models, as well as linear oscillations in general, are harmonic. Anharmonic undamped oscillations are typically not linear. Various nonlinearities are known in solar and stellar dynamos including magnetic modification of the differential rotation (Malkus & Proctor 1975) and the meridional flow (Cameron & Schüssler 2012) , suppression of field generation due to conservation of magnetic helicity (Kleeorin et al. 2003) , modification of the convective turbulence by the magnetic field (Kitchatinov et al. 1994) , and others. Asymmetric magnetic cycles were indeed found in some models with sufficiently strong nonlinearities (e.g., Pipin & Kosovichev 2011) . However, the rotation rate of the Sun exceeds the threshold value for the onset of the global dynamo by about 10% only (Metcalfe & van Saders 2017; Kitchatinov & Neponmyashchikh 2017a) . The solar dynamo is, therefore, weakly nonlinear.
Recently, another possibility for the origin of solar cycles asymmetry has been revealed: the asymmetry can result from fluctuations in dynamo parameters, namely, from fluctuations in the α-parameter of the α-effect. The fluctuations are caused by irregular variations in areas of the solar active regions and in angles of their tilts relative to the lines of latitude . The consequences of the fluctuations depend substantially on the phase of an activity cycle in which they occur (Nagy et al. 2017) . Therefore, it is not surprising that a dynamo model with fluctuating parameters shows asymmetry between the phases of rise and decline of the magnetic cycles (Kitchatinov et al. 2018) . The asymmetry in the model, as well as in the observed solar cycles, is of a statistical nature: the rise phase is not shorter than the decline phase in all cycles, but the ratio of these phase durations is on average smaller than one. This paper finds the dependence of the modelled asymmetry on the fluctuation parameters and suggests its pictorial interpretation. Regularities shown by the model are compared with observations.
Dynamo model

Outline of the model design
Our dynamo model belongs to the so-called flux-transport models initiated by Durney (1995) and Choudhuri et al. (1995) . This name reflects the significance of magnetic field advection by the meridional flow. Models of this type provide close agreement with solar observations (Jiang et al. 2013 ).
The numerical model permits computation of large-scale magnetic field dynamics in a spherical convective envelope. It differs from our earlier publications (Kitchatinov & Nepomnyashchikh 2017a,b) only by allowance for the fluctuations in the α-effect. Dynamo equations, boundary conditions, profiles of the angular velocity and the meridional flow and other model specifications have been discussed in detail in those papers. The way for allowance for the fluctuations has also been discussed earlier (Kitchatinov et al. 2018) . Nevertheless, we repeat the discussion because the main subject with this paper -solar cycle asymmetry -is caused in the model exclusively by the fluctuations.
To account for the fluctuations in the α-effect, the α-para-meter in the poloidal field equation is changed as follows
where σ is the relative amplitude of the fluctuations and s(t) is a random function of time of the order one. Following Rempel (2005) , the random process s(t) is modelled by solving the system of n ordinary differential equations,
in line with the dynamo equations. In these equations, τ is the correlation time, ∆t is the time-step in numerical integration of the equations, andĝ is a normally distributed random number with zero mean and rms value equal to one. The value ofĝ is renovated on each time step independently of its previous value. Solution of the Eqs. (2) simulates a continuous function of time whose n-th order derivative is however discontinuous. For n = 1 or n = 2 and under the condition of ∆t ≪ τ , which is satisfied in all our computations, the correlation function for the random process of Eqs. (2) can be derived analytically . The coefficient in front of the random numberĝ in the last of the equations (2) is chosen so that the rms value s 2 1/2 = 1 for the analytical correlations. n = 3 in the computations with this paper.
The α-effect in our model is non-local. The poloidal field generation near the surface is related to the toroidal field near the base of the convection zone. The non-local formulation avoids the catastrophic quenching of the α-effect caused by the conservation of magnetic helicity (Kitchatinov & Olemskoy 2011) . It also corresponds to the Babcock-Leighton mechanism for the poloidal field formation by the buoyant rise of toroidal fields from the base of the convection zone (see, e.g., Charbonneau 2010). The beginning of a magnetic cycle in our model is therefore defined as the instant of sign reversal of the toroidal field B t near the base of the convection zone at 15
• latitude where this field attains its largest strength in the course of its cyclic variations. Accordingly, the instant of a cycle maximum corresponds to the largest absolute value of B t in the cycle.
The results to follow were computed with α = 0.174 m/s, which is 10% above the threshold value for the onset of the dynamo in our model.
How do fluctuations produce asymmetry?
The magnetic fields of our model react to variations in the α-parameter with a delay. The reaction of the poloidal (polar) field is delayed by about one year and four years more pass before the variation in α is felt by the near-bottom toroidal field B t (Kitchatinov et al. 2018) . The shape of a cycle is therefore controlled by the fluctuations in the growth phase of the cycle (fluctuations in the decline phase affect the amplitude -but not shape -of the next cycle). Figure 1 shows the magnetic field dependence on time in the computations with prescribed variations in α on the growth phase of a cycle. The variations were imposed between 3 and 4 years after the cycle onset. The computations were done for the reversed sign of α (α = −0.174 m/s) and for a change in the opposite direction by the same amount (α = 0.522 m/s) in this range of time. The cycle computed without variations in α is shown for comparison. • latitude at the base of the convection zone (b) computed with prescribed variations in α imposed in the range between 3 and 4 years after the cycle beginning. The dashed lines correspond to the reversal of the sign of α and the dashed-dotted lines -to the change of α in the opposite direction by the same amount, i.e., to its threefold increase. For comparison, computation without variation in α is shown by the full line.
Without variations in α, the computed cycle is symmetric: durations of the growth and decline phases are equal. The variations in α produce asymmetry. The decline phase is relatively short for positive (increase in α) and relatively long for negative (decrease in α) variations. As already mentioned, the toroidal field reaction delays by about 5 years relative to its causal variations. The growth branches are therefore identical in all three cases. Figure 1 is easy to interpret in terms of the basic effects of the αΩ-dynamo. On the growth phase, the poloidal field opposite to the field of the previous activity minimum is pro-duced by the α-effect. This results in the poloidal field reversal near the activity maximum. Hereafter, the differential rotation produces a toroidal field opposite to the existing one and the magnetic activity declines. Positive fluctuation in α leads to an earlier reversal of the polar (poloidal) field so that the following decline of activity goes faster and the decline phase shortens. Negative fluctuation, on the contrary, lead to a delay in polar field reversal and extends the decline phase. Note that the positive fluctuation shortens the decline phase by a smaller amount compared to its prolongation by the negative fluctuation. Multiple positive and negative fluctuations, therefore, lead to a statistical mean asymmetry with relatively long epochs of activity decline.
This interpretation implies a correlation between the delay, T rev − T gr , of the reversal instant (T rev ) relative to the activity maximum (coinciding with the duration T gr of the growth phase) and the asymmetry parameter T gr /T dec (T dec is the decline phase duration). The correlation is indeed found in both the model computations and observational data.
Results and discussion
Mean durations of the growth and decline phases in magnetic cycles computed for various relative amplitudes and correlation times of α-fluctuations are listed in Table 1 . Each averaging is performed over 4000 computed cycles. The statistics are representative. Their further extension does not change the results. The computations with various σ and τ serve to ascertain that the modelled asymmetry is a regular reproducible phenomenon and that, as it should be, the asymmetry increases with either amplitude and mean duration of the fluctuations. Only for the smallest amplitude and correlation time of Table 1 , the sense of the modelled small asymmetry is opposite to observations (i.e. growth is longer than decline on average). The Babcock-Leighton mechanism is related to observable properties of sunspots. Amplitude of fluctuations in the corresponding α-effect can, therefore, be estimated from sunspot data. Estimations by give the value of σ ≃ 2.7. The fluctuations mean duration τ can be inferred from a comparison of computed cycle periods with statistics of the observed solar cycle periods. Comparison with 36 periods of direct observations (https://www.ngdc. noaa.gov/stp/space-weather/solar-data/solar-indices/sunspotnumbers/cycle-data/table cycle-dates maximum-minimum. txt) and with 119 periods reconstructed by Nagovitsyn et al. (2015) from activity proxies give the correlation time τ ≈ P rot (Kitchatinov et al. 2018) . The discussion to follow concerns, therefore, the case of σ = 3 and τ /P rot = 1 from Table 1 , which is closest to these estimations. (1) (dashed) and its annual running mean (full line). The cycle in the range between 10 and 23 years is highly asymmetric. Figures 2 and 3 give an example of a strongly asymmetric cycle from our computations. Figure 2 agrees with the suggested explanation of the asymmetry and with Fig. 1 of the preceding Section. The pronounced asymmetry of the cycle between 10 and 23 years in Fig. 2 was in all probability caused by the negative fluctuation in α just before the cycle maximum. Due to the fluctuation, the reversal of the polar field, which would occur near the cycle maximum, was delayed. There was even a temporary increase in strength of the polar field before its reversal. As a result, the toroidal field decline was slow and the cycle turned out to be highly asymmetric.
The delay in polar reversal was associated with the surge of the poloidal field of polarity of the previous minimum from low latitudes, where the α-effect operates, to the poles (Fig. 3) . Such old-polarity surges from non-Joy active regions (correspond to negative α-fluctuations in our model) are often met in observations (Jiang et al. 2015; Mordvinov et al. 2016) .
The fine structure of the radial field at low latitudes seen in the upper panel of Fig. 3 results from the fluctuations in α. The fine structure is smoothed-out by turbulent diffusion as the field spreads to high latitudes and the polar field varies smoothly with time. Variation of the toroidal field in Figs. 2 and 3 is smooth also. Nevertheless, false cycles in which B t altered sign twice in a short time -sometimes shorter than one year -have been met in our computations. Such cycles usually come in pairs and they are distinguished by the absence of polar field reversals. Obviously, the false cycles are caused by the fluctuations and they occur when after the change of sign of B t it reverses again for a short time. About 2% of computed cycles were false. The false cycles were excluded from the computational statistics and all the results to follow refer to such 'cleaned' statistics (this practically did not affect the results, however).
Our interpretation of the cycle asymmetry implies its relation to the delay in the polar field reversals relative to the cycle maxima. Figure 4 shows that such a statistical relation is indeed present in our model. Solar observations offer the possibility for analysis of this relation for solar cycles 12 to 23. Dates of minima and maxima for these cycles were inferred from sunspot area data with exactly the same procedure as applied by Osipova & Nagovitsyn (2017) (the same data were used and the same procedure of smoothing over 13 monthly sunspot areas was applied). Dates of polar field reversals in the cycles 12 to 20 were taken from Makarov & Sivaraman (1986) and for Judging from Figs. 1 and 2, a correlation between the cycle asymmetry and the growth-phase averaged value of α could also be expected. Weak correlation of this type is actually present in the model but its coefficient r = 0.34 is small. This is probably because the short-term positive and negative fluctuations in α may balance each other but their opposite in sense but different in value contributions to the asymmetry are not balanced (Fig. 1) .
A correlation between asymmetry and cycle period is not present in either the model computations or the observations.
Concluding remarks
Large fluctuations are inherent in the Babcock-Leighton mechanism for generation of the solar poloidal field. The amplitude of fluctuations in the corresponding dynamo parameter exceeds its mean value . The reaction of the magnetic field to fluctuations in the mechanism of its generation can therefore be nonlinear: fluctuations in the α-effect with zero mean produce unbalanced asymmetry in magnetic cycles (Fig. 1) . Therefore, fluctuations in the dynamo can be the reason -possibly not the sole one -for the observed asymmetry of solar cycles.
The suggested interpretation of the observed asymmetry leads to the anticipation of its correlation with the delay in polar field reversals relative to the activity maxima. Predictions of this type are infreuent in dynamo theory (see, however, Schatten et al. 1978; Choudhuri et al. 2007 ). The opinion has even been expressed that the theory does not have predictive power (Tobias et al. 2006) . Observational tests of the predictions are therefore important for the choice of an adequate model for the solar dynamo. Further observational tests may help to improve the model used in this paper.
